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ABSTRACT
Let G be a finite p-group, and let U(G) be the group of units of the group
algebra FG, where F is a field of characteristic p. It is shown that, if the
commutative subgroup of G has order at least p?, then the nilpotency class of
U(G)is at least 2p — 1.

Let G be a finite p-group, let K be the field of p elements, let A(G) be the
augmentation ideal of the group algebra KG, and let U(G) = 1 + A(G) be the
group of normalised units of KG. Then U(G) is also a finite p-group. If G is not
abelian, it is shown in [CP] that U(G) involves the wreath product C, wr C,.
It follows that the nilpotency class, ¢l U(G), of U(G) is at least p. It is known
that cl U(G) is exactly pif | G| = p[Ba), and R. Sandling conjectured that this
is the only case [Sa]. In this paper we verify this conjecture, and indeed we
prove

THEOREM A. With the above notations, if |G’| > p, then clU(G)=
2p—1.

The case p = 2 follows easily from a result of H. Laue (see below), so we are
mostly interested in an odd p. In this case the second author has recently
shown that, if G’ is cyclic, then U(G) involves C, wr G’, and hence deduced
that cl U(G) = {G’| under these circumstances (these results hold also for
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P = 2, provided some extra conditions are satisfied) [Sh]. This implies that if G
is a minimal counter example to Theorem A, then G’ is elementary abelian of
order p2. Moreover, each proper section of G has a commutator subgroup of
order p or 1. We first describe the structure of this type of p-groups. This then
enables us to apply the methods of [Sh] to complete the proof. Indeed, in some
cases these methods tell us more about the structure of U(G).

THEOREM B. Let G be a p-group of class two (p odd), with a non-cyclic
commutator subgroup. Then U(G) involves the wreath product C, wr (C, X C,).

It would be interesting to know if the restrictions on p and on the class of G
are really necessary. The previous results imply

CoRrOLLARY C. IfG isa p-group of class two, and G’ is elementary abelian
of order p*, then cl U(G)=2p — 1.

The notation is mostly standard. We use d(G) for the minimal number of
generators of G, and G? and E(G) for the subgroups generated by all pth
powers and by all elements of order p, respectively.

1. NC-critical groups

Let G be a p-group in which |G’| > p. Trying to prove Theorem A by
induction, we may suppose that each proper section of G has a commutator
subgroup of order 1 or p. Let N be a normal subgroup of G, contained in G’,
such that |G’: N| = p% Then G/N cannot be a proper section of G, and thus
N=1, and |G’| =p> If G’ is cyclic, and p>2, then [Sh] shows that
cl U = p2. Since we are mostly interested in an odd p anyway, we will assume
that G’ is elementary abelian. If p = 2, we find it convenient to assume also
thatcl G = 2.

DEeFINITION. A p-group G is NC-critical, if G’ is elementary abelian of
order p?, and each proper section of G is either abelian or has a derived
subgroup of order p. If p = 2, we require also that G is of class two.

We are now going to describe the structure of such groups.

ProrosITION 1. Let G be an NC-critical p-group. Then

(1) G? C Z(G)CV(G), |G: D(G)| = P, and either | D(G):G?| = p,orG
has exponent p and order p* or p°.

(2) All elements of order p in Z(G) belong to G'.
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ProoF. If z is a central element of order p which does not lie in G/,
then G/(z) is a proper section of G whose commutator subgroup is isomorphic
to G’, which contradicts our assumptions. Similarly, if H is a maximal sub-
group not containing Z(G), then G = HZ(G), so G’ = H’, another con-
tradiction.

If all elements of G have at most p conjugates, then {G’| = p [Kn]. Let x be
an element with more than p conjugates. As all these conjugates belong to xG’,
there are exactly p? of them, and all elements of G’ are commutators in x. If
[x,y] and {x, z] generate G’, and H = (x,y,z), then H'=G’, so G=H,
d(G)=<3,and |G: D(G)| = p>.

Obviously, ¢l G = 3. If c] G = 2, then G satisfies [a?, b] = [a, b]” =1, and
thus pth powers are central. Suppose cl G = 3. Then p is odd. The subgroup
(a, a®) = (a, [a, b]) has class two, and so

(@)? =(a[a, b])? = a’[a, b]”[a, b, a]"?»»~" = g»,

and again G? C Z(G).

Finally, if G? # 1, it intersects G’ non-trivially, by the first paragraph, and
therefore |®(G): G?| < |G’|, hence this index is not more than p. If G has
exponent p, then |®(G)| = |G’| = p% so |G| =< p°.

We now discuss separately the groups of class two and three.

PROPOSITION 2. Let G be an NC-critical group of class two. Then

(1) Z(G)=®(G) is a direct product of two non-identity cyclic subgroups,
G’ =E(Z(G)), and |G : Z(G)| = p>.

(2) G contains an abelian maximal subgroup, which is unique.

ProoF. The first equality follows from Proposition 1(1) and from G’ C
Z(G). Since |G : Z(G)| = p? implies that |G’| = p, Proposition 1.1 implies
also that |G : Z(G)| = p*. Proposition 1(2) shows that G’ = E(Z(G)), which
implies the statement on the structure of Z(G).

Let N be a normal subgroup of G of order p. Then (G/NY = p, hence
|G/N: Z(G/N)| = p*, for some k, and k =1 is the only possibility. Thus
there exists some element z & Z(G), which is central (mod N). That means that
z has exactly p conjugates, namely the elements of zZN. Write M = C;(2). Then
|G: M| = p. Since both Z(G) and z are in Z(M), we have |M: Z(M)| < p,
and thus M is an abelian subgroup of index p. Finally, if X is another abelian
maximal subgroup, then K N M C Z(G), contradicting |G : Z(G)| = p’.
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ProrosITION 3. Let G be an NC-critical group of class two, and let M be its
abelian maximal subgroup. Then 2 < d(M) = 4. Moreover

(1) Ifd(M) =2, then M is the direct product of two cyclic subgroups of order
greater than p, say M = {y) X{z). If x is any element of G — M, then
[x,y]=u, [x, z] = v, where u and v are independent generators of G'. If p > 2,
we can choose x so that x? =1,

(2) Ifd(M) =4, then either exp G = pand |G | = p°, or there exist elements
X,¥,Z,u, such that G = (x,y,z), M = (x?) X(y) X {(z) X(u), [x,y]=u,
[x, z] = x?", where x has order p"*'.

ProoF. We know that |M: Z(G)| = p? and d(Z(G)) =2, yielding the
inequalities.

Suppose that d(M)=2. Then |G:®M)| =p*=|G:DP(G)|, and so
O(G)=P(M)=M?, Then G’ C M?, and thus M? is not cyclic, and M is the
direct product of two cyclic subgroups of order greater than p. Let x be an
element of G — M. Then, writing M = (y) X (z), we have

G=(x,y,z), G =([x,y][x z],[y,z]),

and here [y,z]=1 and G’ is generated by [x, y] and [x, z]. Moreover,
x? = b?, for some element b EM, so if pis odd, then (xb~')? = 1, and we can
replace x by xb ™.

Now let d(M) = 4. Then M contains an elementary abelian subgroup F of
order p* which is normal in G. Let x be any element outside /. Then
Z(G) = Cy(x), so Cg(x)=E N Z(G) = G". It follows that |[{E, x]| = p? and
thus |H’| = p? where H = (x, E). The minimality of G shows that G = H.
The structure of G is obtained now from the previous propositions.

PrOPOSITION 4. Let G be an NC-critical group of class three. Then

(1) Z(G) is cyclic, Z(G) # ¥(G), d(G)=2, and either G? = Z(G), or
exp G = p. In the latter case, G has order p*.

(2) G contains a unique abelian maximal subgroup, say M, and d(M) =2
or 3.

Proor. Since G’ is not central, neither is ®(G). If exp G > p, then
G? C Z(G) and |D(G):G*?| = p show that G? = Z(G). Proposition 1(2)
shows that Z(G) has a unique subgroup of order p, hence it is cyclic.

Let [x, ¥] be a non-central commutator. Suppose that G # (x, y). Then
H = (®(G), x, y) is a proper normal subgroup, so H’ <G, and |H’| = p.
Then H’ C Z(G). But H' = {[x, y]), a contradiction. Thus G = (x, y), and
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d(G) = 2. This shows that if exp G = p, then |G | = p*, because &(G) = G’ in
this case.

Denote M = C;(G’). Then M is a maximal subgroup, containing ®(G) as a
central subgroup of index p, hence M is abelian, and it is the unique abelian
maximal subgroup, because G has class three. Let x be any element outside M.
Then Z(G) = Cy(x), G’ =[M, x], so |M: Z(G)| = p>. Since Z(G) is cyclic,
d(M) = 3, while d(M) > 1, because M contains G’.

REMARK. We have just seen that G contains a cyclic subgroup of index p3.
The groups of this type are known [Ne]. Moreover, suppose that exp G > p.
Then Proposition 4 shows that G? is a cyclic subgroup of index p?® in G. Then
G? = (x?), for some x, and (x) is even a cyclic subgroup of index p2. Since
our assumptions are so strong, we prefer to proceed without referring to the
lists of groups with big cyclic subgroups.

PROPOSITION 5. Let G and M be as in the previous proposition, and suppose
that d(M) = 2. Assume also that |G | # 3*. Then there exist elements x, y, z,
and natural numbers i, n, such that (i, py=1, and

G=<x!y)’ M=(J/')X(Z), xp——'-.zp:yp":l’
v, x1=z, [z,x]=y""

ProoF. The assumption d(A) = 2 rules out the possibility thatexp G = p.
Let z be a non-central element of G’. Then z is not a pth power, so writing M as
a direct product of two cyclic subgroups, one of them must have order p, and
can be taken to be z. This yields the structure of M, if we let p” be the order of
y.Now |G: M?| =p*=|G:G?|,so M? = G?. If p > 3, then G is a regular
p-group, and therefore | E(G)| = | G: G?| = p. Thus there exists an element
x of order p outside M. If p = 3, then G is not regular. But our assumption that
the order of G is at least 3° shows that exp G > 32, and therefore each section of
exponent 32 is proper, and hence of class two. Then Theorem 1 of [Ma] shows
that it is still true that |E(G)| = 33, and we can find x as before. The rest
follows easily from the equality G’ = [M, x].

PROPOSITION 6. Let G and M be as in Proposition 4, and let d(M) = 3.
Assume also that |G| # p*. Then there exist elements x,y, z and a natural
number n, such that

G=(x,y,2), M=(x?)X(y)X(z), xV"=yr=2z¢=]1,

[y,x1=2z, [z,x]=x"""



272 A. MANN AND A. SHALEV Ist. J. Math.

Proor. The assumption on |G| rules out the possibility that exp G = p.
Then G? is cyclic, of index p3 in G, and p? in M. Since d(M)=3, G’ is a
maximal cyclic subgroup of M, and thus M = G? X {y) X {z), where yand z
have order p, and we may take z to be a non-central element of G’. Writing
G? = (x?), the rest is standard.

REMARK. Propositions 1, 2, and 4, between them, show that |G : Z(G)| =
p3in all cases. That fact almost, but not quite, has a converse, which we state
for completeness, though it is not needed in the sequel, and its proof is left as
an exercise.

ProrosITION 7. Let G be a p-group, in which Z(G)C ®(G), and
|G : Z(G)| = p>. Then for each proper subgroup H of G we have |H’| < p,
while |G’| = p?(equality is possible). Either d(G) =3 andcl G =2, ord(G) =
2andcl G =3.

2. Proof of main results

In this section we apply some of the information derived in Section 1, in
order to prove the main results. For a subset S of G, we denote by S the element
of KG that is the sum of the elements of S.

ProoF oF THEOREM B. We are assuming, as we may, that G is an
NC-critical group of class 2. We have to show that the wreath product
C,wr(C, X C,) is involved in U(G).

Let M be the (unique) maximal abelian subgroup of G, and let x€EG — M
(see Propositions 2 and 3). Then C, X C, =[x, G] =[x, M]=G/Cs(x) =
M/Cp(x).

Two cases should be considered separately.

Case 1. d(M)=2. Then, by Proposition 3(1), we may assume x? =1,
Therefore Ng((x)) = Cs(x), so that G/Ng({x)) = G/Cs(x)=C, X C,. But,
according to [Sh, Proposition D}, if ¢l G =2 and H is any cyclic subgroup,
then C, wr(G/Ng(H)) is involved in U(G). Substituting H = (x) we get our
conclusion.

Case 2. d(M)>2.Then |E(M)| = p*sothat E(M)ZG’. Leta €EE(M) —
G’. Observe that, by Proposition 2(1), g is not central. Put H = (a). Let m;
(0 =i < p? be a set of representatives for M/C,,(x), where m, = 1. Define
d=1+xH, x;=x™, dy=d™=1+xH. Let D= (d;:i<p?. This is a
subgroup of U(G), and we are going to show that it is elementary abelian with
basis {d;: i < p*}.
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First, observe that

Now since x; and x; commute (as conjugate elements in a group of class 2), it
follows that d;d; = d;d;. Put u = [a, x]. Since a is not central we must have
u # 1 (otherwise Cg(a) 2 (x, M) = G). Therefore H* # Hso that H* N H =
1 (recall that | H| = p). Thus H*H = B where B = (a*, a) = (a, u). Note that
B G, so B contains all the conjugates of H. This implies that, for all
0=i,j,k<p

. AN L . A
x;:Hx;Hx H = x, 0, H"H*H = x;%,x, H*B = 0.
We conclude that, given indices 0 < i, i,, . . ., I, < p?, we have

di|di1' M .dik= 1 +(x,-,+ ce +x,-k)ﬁ+< E x,-,x,-l)B.

s<t

In particular
R P\ ,p5
df’=1+px,-H+(2>xB=l.

Therefore D is elementary abelian. We have to show that the d;’s form a
basis for D. Since M acts transitively on the d;’s (by conjugation), it is
sufficient to check that I1d; # 1 (see [Sh, Lemma C1}).

Clearly, IT;d; = 1 + (Z; x)H + (Z; ; x;x;)B.

Now, since {x;: 0 =i < p?)=xG’ (the conjugacy class of x), we obtain
(Eﬂxizﬂ =x/G:I-7 . Recall that, by the choice of a, G’ N H = 1. Therefore
xG’H = xG’H # 0. As for the next term, observe that

0=x2C/r’\’2=(x6/v’\’)2=(2xi)2= YxP+2 Y xx = x3G'+2 Y x.x;.
i i i<j i<j

It follows that Z x;x; = — %sz/r‘\’, so that T x,~x,-B/=\— %xzé\’é =0 (since
G'NB={u)+#1). We conclude that I1,d; = 1 + xG’H # 1, so that the d,’s
are indeed a basis for D.

Next, consider the product DM C U(G). Obviously D <{DM. The last
calculation shows that IT;d; ¢ M. Since M acts transitively on the d,’s, it
follows from [Sh, Lemma C1]} that D N M = 1. Therefore DM =DX M is a
semi-direct product. Finally, Cy(x) is central in DM, and DM/C,(x)=
D X M/Cy(x)=C,wr(C, X C,). This shows that U(G) possesses a section
isomorphic to C, wr(C, X C,), as required.
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Before proving Theorem A, we collect a couple of results, which seem to be
well known, but it is not easy to locate explicit proofs of them in the literature.

LEMMA 8. Let G be afinite p-group, and consider KG as a Lie algebra (with
the usual bracket operation). Then:

(@) clKG = pifandonly if |G’| = p.

(b) Ifcl G = 2, then cl KG = t(G"), the nilpotency index of A(G’).

ProoF. (a) The ‘if” part may be found in [Ba]. Now, assuming |G’| > p,
pick an element x in G with more than p conjugates, and let y not commute
with x. Consider the left normed Lie commutator of weight p:c =
(»'~?x,y,...,¥). Routine calculation shows that

c=x+x"+xV+ .. +xV7.
Since these are not all the conjugates of x, ¢ is not central. This means that
cl KG > p.
(b) Put t=¢#(G’). For xp...,x in G, let ¢ be the Lie commutator

(X X1, - - - » X;). Since the group commutators [g, 4] are central, an easy
induction yields

¢ =(1 =[xy, xoD(1 — [x2, Xpx11)+ « « (1 — [ X, X1+ - X, Dxoxy -+ + + X,
We conclude that ¢ €A(G')'’KG = 0, as required.

ProoF oF THEOREM A. Consider first the case p = 2. According to a result
of H. Laue [La], proved in a more general context, there is a simple connection
between the second centres of U(G) and the augmentation ideal A(G), viewed
as a Lie algebra, namely Z,U(G))=1+ Z,A(G)). This implies that
cl U(G) = 2 if and only if cl KG = 2, where KG is also viewed as a Lie algebra.
Lemma 8(a) completes the proof in this case.

Now let G be a p-group (p >2) with |G’| > p. We want to show that
cl U(G) = 2p — 1. We may assume that G is NC-critical. If ¢l G = 2 we are
done, by Theorem B, as ¢l C, wr(C, X C,) =2p — 1. So suppose thatcl G = 3.

Let M be the maximal abelian subgroup of G (see Propositions 4 and 5) and
let x€EG — M. Let u be a non-central element in G’. Then [x, ] # 1 (other-
wise C4(u) = (x, M) = G, a contradiction). Set v= [x, u]. Then v is central,
and G’ = (u, v). Put H = (u), and consider the elementd = 1 + xH in U(G).
For 0 =i < p define d; = d = 1 + xH;, where H, = H*. Observe that

o e o {xZG", j#i+1(mod p),
xH;xH; = x*HH; = x*H,; . \H; =
0, otherwise.
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Therefore did; = 1 + x(H; + H)) + (1 — 6,1, ,)x*G".
Since H,G’ = 0 it follows that

. . k .
dil' N ‘d,'k = 1 +x(Hi1+ bR +H,k)+{(2>_n:| sz,,
where n = |{(s,?):s <t,i,=i; + 1 (mod p)}|.

In particular

. k .
d;k = ]. + ka, + (2) -sz’s
therefore d? = 1, and ;"' =dP~' = 1 — xH, + x*G’. Now,

(i, d)=d'd'd;d]
=(1 — xH; + x*G’)(1 — xH; + x*G")[1 + x(H; + H)+ (1 — 6;,, ,)x*G"]
=[1—x(H; + H)+ G — 8 11,)x*G'|[1 + x(H; + H)) + (1 — 5, )x*G"]
=1 —(xH, + xH))*+ (4 — 26,,, )x*G’
=1+ (0415 — Or41,)%2G".
Put ¢ = 1 + x2G". Observe that c is central in U(G), and satisfies c? = 1,
¢~'=1— x2G". The last calculation shows that
[d;, d] = Y1),

It follows that, if D = (dy, ..., d,_,), then D’ = (c) is of order p. Consider
the group E = (x, D) C U(G). Obviously D E and (c) C Z(E). Let E =
E/{c), D = D/{c). Then D is elementary abelian, and x (the image of x in E)
acts on d; by d7 = d .. This clearly implies

d,x,...,x1=dd*d%---d*" =dyd,---d,_, = dyd,- - -d,_,.

| S —
p—1

It follows that dy:--d,_,Ey,(E), so that g:=dy-+-d,_,c"Ey,(E) (for
some n). But

do-+dy_ =1+ x(Hy+ ---+ﬁ,,_1)+[(;’>—(p— 1)]x2ci'

=1+x(ﬁ0+ s +ﬁp_1)+xzé’;
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while g = + x(Hy+ -+ - + H,_ )+ mx*G’, where m =n + 1.

Put S = G’ — (v). Since § is a normal set in G, S is clearly central in KG.
This implies that (KG’S)? = KG - §? = 0. Note that Hy+ -+ + H,_,; =S, so
that ¢ = 1 + xS + mx2G’. We have just shown that g €y,(U(G)). We will now
produce an element g in G with the property that

lg,8,...,€]+# 1.
[

p—1

This will show that y,,_,(U(G)) # 1, terminating the proof of the theorem.
Since c¢ is central in U(G), it follows that

g.8,...,81=[gc™™,g,...,8]
[N—— [S——"

p—1 p—1

Therefore we may replace g by r:=gc™™ =1+ xS.

Recall that (u,v) =G’=[x, M]= {[x,g]:g in M}. In particular, there
exists an element g in M with [x, g] = u. Since [u, g] = 1 (as u, g are in M) we
get x8 =xu' for all 0 <i < p. Consider the elements r,:=rf =1 + xu'S.
Since the ideal KG - S is nilpotent of index 2, the 7,’s commute with each other.
They clearly have order p. Therefore

(7,8 ....81=rr8r® ' =rgyevor,_y=1+x+xu+- - +xu?)s

Nt s/
k-1
=14+ x(ENG' — (5)) =1 —x@)D) =1—xG".
This shows that
[r.g....81#1,
’i !
i p‘l

completing the proof of Theorem A.

PrOOF OF COROLLARY C. Let G be a p-group of class 2, with G’ = C, X C,.
By Theorem A we have cl U(G) = 2p — 1. For the other inequality we apply
[GL], to conclude that cl U(G) = ¢l KG. But, by Lemma 8(b), cl KG = t(G') =
t(C, X C,)=2p — 1 (see for example [MN] for the last equality).
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