
ISRAEL JOURNAL OF MATHEMATICS, Vol. 70, No. 3, 1990 

THE NILPOTENCY CLASS OF THE UNIT 
GROUP OF A MODULAR GROUP ALGEBRA II 

BY 

AVINOAM MANN AND ANER SHALEW 
Institute of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel 

ABSTRACT 

Let G be a finite p-group, and let U(G) be the group of units of the group 
algebra FG, where F is a field of characteristic p. It is shown that, if the 
commutative subgroup of G has order at least p2, then the nilpotency class of 
U(G) is at least 2p - 1. 

Let G be a finite p-group, let K b e  the field o f p  elements, let A(G) be the 
augmentation ideal of  the group algebra KG, and let U(G) = 1 + A(G) be the 
group ofnorrnalised units of KG. Then U(G) is also a finite p-group. I fG is not 
abelian, it is shown in [CP] that U(G) involves the wreath product Cp wr Cp. 
It follows that the nilpotency class, cl U(G), of  U(G) is at least p. It is known 
that cl U(G) is exactly p if l G'I = p [Ba], and R. Sandling conjectured that this 

is the only case [Sa]. In this paper we verify this conjecture, and indeed we 

prove 

THEOREM A. With the above notations, if [G'[ > p, then cl U(G) >= 
2 p -  1. 

The case p -- 2 follows easily from a result of  H. Laue (see below), so we are 
mostly interested in an odd p. In this case the second author has recently 
shown that, if  G' is cyclic, then U(G) involves Cp wr G', and hence deduced 

that cl U(G)-- I G'I under these circumstances (these results hold also for 
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p = 2, provided some extra conditions are satisfied) [Sh]. This implies that if G 

is a minimal counter example to Theorem A, then G' is elementary abelian of  
order p2. Moreover, each proper section of G has a commutator  subgroup of 
order p or 1. We first describe the structure of this type of  p-groups. This then 

enables us to apply the methods of [Sh] to complete the proof. Indeed, in some 
cases these methods tell us more about the structure of U(G). 

THEOREM B. Let G be a p-group of  class two ( p odd), with a non-cyclic 
commutator subgroup. Then U(G) involves the wreath product Cp wr (Cp × Cp). 

It would be interesting to know if the restrictions on p and on the class of G 

are really necessary. The previous results imply 

COROLLARY C. If G is a p-group o f  class two, and G' is elementary abelian 
o f  order p 2, then cl U(G) = 2p - 1. 

The notation is mostly standard. We use d(G) for the minimal number of  
generators of G, and G p and E(G) for the subgroups generated by all p th  
powers and by all elements of order p, respectively. 

1. NC-critical groups 

Let G be a p-group in which [G'[ > p. Trying to prove Theorem A by 
induction, we may suppose that each proper section of G has a commutator  
subgroup of  order 1 or p. Let N b e  a normal subgroup of G, contained in G', 
such that I G' : N I = p2. Then G/N cannot be a proper section of  G, and thus 
N = 1, and I G'I = p2. If G' is cyclic, and p > 2, then [Sh] shows that 
cl U -- p2. Since we are mostly interested in an odd p anyway, we will assume 
that G' is elementary abelian. I f p  -- 2, we find it convenient to assume also 

that cl G = 2. 

DEFINITION. A p-group G is NC-critical, if G' is elementary abelian of  

order p2, and each proper section of G is either abelian or has a derived 

subgroup of order p. I fp  = 2, we require also that G is of  class two. 

We are now going to describe the structure of  such groups. 

PROPOSITION 1. Let G be an NC-critical p-group. Then 
(1) G p C_ Z(G) c_ ~(G),  I G : ~(G)I < p3, and either I~(G) : G p L < P, or G 

has exponent p and order p4 or pS. 
(2) All elements o f  order p in Z(G) belong to G'. 
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PROOF. If  Z is a central element of  order p which does not lie in G', 

then G/(z  ) is a proper section of  G whose commutator subgroup is isomorphic 
to G', which contradicts our assumptions. Similarly, if  H is a maximal sub- 
group not containing Z(G), then G = HZ(G),  so G ' - H ' ,  another con- 
tradiction. 

If  all elements of  G have at most p conjugates, then [ G'I =<_ p [Kn]. Let x be 

an element with more than p conjugates. As all these conjugates belong to xG', 
there are exactly p2 of  them, and all elements of  G' are commutators in x. If  

[x, y] and [x, z] generate G', and H = (x, y, z),  then H '  = G', so G = H, 
d(G) < 3, and [G : ~(G)[ < pZ. 

Obviously, el G < 3. If  el G = 2, then G satisfies [a p, b] = [a, b] ~ = 1, and 
thus p th  powers are central. Suppose cl G = 3. Then p is odd. The subgroup 
(a,  a b) -- (a,  [a, b]) has class two, and so 

(ab) p = (a[a, b]) p --- aP[a, b]P[a, b, a] '/zÈ~p-l) = a p, 

and again G p c_ Z(G). 

Finally, if  G p ~ 1, it intersects G' non-trivially, by the first paragraph, and 

therefore [O(G) : GPl < I G't ,  hence this index is not more than p. If  G has 
exponent p, then [~(G)[ = [G'[ = p2, SO [G[ < pS. 

We now discuss separately the groups of  class two and three. 

PROPOSITION 2. Let  G be an NC-critical group o f  class two. Then 
(1) Z(G)-=CP(G) is a direct product o f  two non-identity cyclic subgroups, 

G' --- E(Z(G)),  and I G : Z(G)I = pa. 
(2) G contains an abelian max imal  subgroup, which is unique. 

PROOF. The first equality follows from Proposition l(1) and from G'_C 

Z(G). Since I G : Z(G)J = p2 implies that J G'J = p ,  Proposition 1.1 implies 
also that J G : Z(G)J = p3. Proposition 1(2) shows that G' = E(Z(G)),  which 
implies the statement on the structure of Z(G). 

Let N be a normal subgroup of  G of order p. Then (G/N)' = p,  hence 
I G/N:  Z(G/N)J = p2k, for some k, and k = 1 is the only possibility. Thus 

there exists some element z ~ Z(G), which is central (mod N). That means that 

z has exactly p conjugates, namely the elements of zN. Write M = Cc (Z). Then 

]G: M] = p. Since both Z(G) and z are in Z(M),  we have [M: Z(M)I -< p, 

and thus M is an abelian subgroup of index p. Finally, if K is another abelian 

maximal subgroup, then K f~ M C_ Z(G), contradicting ] G : Z(G)I -- p3. 
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PROPOSITION 3. Let G be an NC-critical group o f  class two, and let M be its 

abelian maximal  subgroup. Then 2 < d(M)  < 4. Moreover 

(1) I f  d (M)  = 2, then M is the direct product o f  two cyclic subgroups o f  order 

greater than p, say M =  ( y )  × ( z ) .  I f  x is any element o f  G - M ,  then 

Ix, y] = u, Ix, z] = v, where u and v are independent generators o f  G'. I f  p > 2, 

we can choose x so that x p = 1. 

(2) I f  d (M)  = 4, then either exp G = p and I G I = pS, or there exist elements 

x ,  y, z, u, such that G = (x,  y, z ) ,  M = ( x  v) X ( y )  × ( z )  × (u) ,  [x, y] = u, 

[x, z] -- x °', where x has order p "+1. 

PROOF. We know that I M:  Z(G)I = p2, and d ( Z ( G ) ) =  2, yielding the 

inequalities. 
Suppose that d(M) = 2. Then [ G : ~(M)[  = p3 = [ G : ~(G)I ,  and so 

O(G) = ~(M)  = M p. Then G' __ M p, and thus M p is not cyclic, and M is the 

direct product of  two cyclic subgroups of  order greater than p. Let x be an 

demen t  of G - M. Then, writing M = (y )  X (z),  we have 

G = (x,  y,  z) ,  G'  = (Ix, y], Ix, z], [y, z l ) ,  

and here [y, z] = 1 and G' is generated by [x, y] and [x, z]. Moreover, 
x p = b °, for some element b E M ,  so i fp  is odd, then ( xb -  t)p = 1, and we can 
replace x by xb - 1. 

Now let d(M)  = 4. Then M contains an elementary abelian subgroup E of  
order p4, which is normal in G. Let x be any element outside M. Then 
Z(G)  = Cu(x),  so Ce(x) = E fq Z (G)  = G'. It follows that [[E, x]l = p2, and 
thus I H'I -- p2, where H = (x, E) .  The minimality of G shows that G = H. 
The structure of G is obtained now from the previous propositions. 

PROPOSITION 4. Let G be an NC-critical group o f  class three. Then 

(1) Z(G)  is cyclic, Z ( G ) ~  ~(G),  d ( G ) =  2, and either G o = Z(G),  or 

exp G -- p. In the latter case, G has order p4. 

(2) G contains a unique abelian maximal  subgroup, say M,  and d(M)  --- 2 

or 3. 

PROOF. Since G' is not central, neither is ~(G). If exp G > p, then 
G p c_ Z(G)  and Iq~(G): G°l -- p show that G o ---- Z(G).  Proposition 1(2) 

shows that Z(G)  has a unique subgroup of order p, hence it is cyclic. 
Let [x, y] be a non-central commutator. Suppose that G ÷ (x, y) .  Then 

H - - ( ~ ( G ) ,  x, y)  is a proper normal subgroup, so H'<~ G, and IH'[ - -p .  
Then H ' c _ Z ( G ) .  But H ' =  ( [x ,y ] ) ,  a contradiction. Thus G = ( x , y ) ,  and 
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d(G) = 2. This shows that i fexp G = p, then I G I = p4, because O(G) = G' in 

this case. 

Denote M = C~(G'). Then M is a maximal subgroup, containing ~(G)  as a 
central subgroup of  index p, hence M is abelian, and it is the unique abelian 

maximal subgroup, because G has class three. Let x be any element outside M. 

Then Z(G)= C~t(x), G '=  [M, x], so IM: Z(G)I = p2. Since Z(G) is cyclic, 

d(M) _-< 3, while d(M) > 1, because M contains G'. 

REMARK. We have just seen that G contains a cyclic subgroup of  index p3. 

The groups of  this type are known [Ne]. Moreover, suppose that exp G > p. 

Then Proposition 4 shows that G r is a cyclic subgroup of  index pa in G. Then 

G r = (xr ) ,  for some x, and (x)  is even a cyclic subgroup of  index p2. Since 

our assumptions are so strong, we prefer to proceed without referring to the 

lists of  groups with big cyclic subgroups. 

PROPOSITION 5. Let G and M be as in the previous proposition, and suppose 
that d(M) = 2. Assume also that I G I ~ 3 4. Then there exist elements x, y, z, 
and natural numbers i, n, such that (i, p) = l, and 

G - - ( x , y ) ,  M = ( y ) × ( z ) ,  x r = z  r = y r ' = l ,  

[ y , x ] = z ,  [ z , x ] - - y  ;r-'. 

PROOF. The assumption d(M) = 2 ruIes out the possibility that exp G = p. 

Let z be a non-central element of  G'. Then z is not a p th  power, so writing M a s  

a direct product of  two cyclic subgroups, one of  them must have order p, and 

can be taken to be z. This yields the structure of  M,  if  we let p" be the order of  
y.  Now I G : M r [ = p3 = [G : G r [, so M r = G r. I f p  > 3, then G is a regular 

p-group, and therefore [E(G)] = ]G : Grl  = p3. Thus there exists an element 

x of  order p outside M. I fp  = 3, then G is not regular. But our assumption that 
the order of  G is at least 3 5 shows that exp G > 3 2, and therefore each section of  

exponent 3 2 is proper, and hence of  class two. Then Theorem 1 of  [Ma] shows 

that it is still true that IE(G)I -- 3 3, and we can find x as before. The rest 

follows easily from the equality G' - [M, x]. 

PROPOSmON 6. Let G and M be as in Proposition 4, and let d(M) = 3. 
Assume also that [GI ~ p4. Then there exist elements x, y, z and a natural 
number n, such that 

G = ( x , y , z ) ,  M = ( x r ) X ( y ) × ( z ) ,  x r - - y r = z r = l ,  

[ y , x ] - - z ,  [ z , x ] = x  r-'. 
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PROOF. The assumption on I G I rules out the possibility that exp G = p. 

Then G ~ is cyclic, of  index p3 in G, and p2 in M. Since d(M) = 3, G p is a 

maximal cyclic subgroup of  M,  and thus M = G p × (y )  × (z) ,  where y and z 

have order p, and we may take z to be a non-central element of  G'. Writing 
G p = (xP), the rest is standard. 

REMARK. Propositions 1, 2, and 4, between them, show that I G : Z(G)I = 
p3 in all cases. That fact almost, but not quite, has a converse, which we state 

for completeness, though it is not needed in the sequel, and its proof  is left as 

an exercise. 

PROPOSITION 7. Let G be a p-group, in which Z(G)C_dp(G), and 

I G: Z(G)I = p3. Then for each proper subgroup H o f  G we have [H'] < p, 
while I G'I -< p3 (equality is possible). Either d(G) = 3 and cl G = 2, or d(G) = 
2 and cl G = 3. 

2. Proof of main results 

In this section we apply some of the information derived in Section 1, in 

order to prove the main results. For a subset S of  G, we denote by S the element 

of  KG that is the sum of  the elements of  S. 

PROOF Or TrIEOR~M B. We are assuming, as we may, that G is an 

NC-critical group of  class 2. We have to show that the wreath product 

Cp wr(Cp X Cp) is involved in U(G). 
Let M be the (unique) maximal abelian subgroup of  G, and let x ~ G - M 

(see Propositions 2 and 3). Then Cp X Cp = [x, G] = [x, M] ~ G/C~(x) ~-- 
M/CM(x)o 

Two cases should be considered separately. 

Case 1. d(M) -- 2. Then, by Proposition 3(1), we may assume x p -- 1. 

Therefore N¢((x))  = C~(x), so that G/N~((x))  = G/C~(x) ~- Cp × Cp. But, 

according to [Sh, Proposition D], if  cl G = 2 and H is any cyclic subgroup, 

then Cpwr(G/N¢(H)) is involved in U(G). Substituting H = (x)  we get our 

conclusion. 

Case 2. d(M) > 2. Then IE(M) I >_- p3 so that E(M)~: G'. Let a ~ E ( M )  - 

G'. Observe that, by Proposition 2(1), a is not central. Put H = (a) .  Let rn; 

(0 < i < p2) be a set of  representatives for M/Cu(x) ,  where mo -- 1. Define 
d -- 1 + x / t ,  xi -- x m,, di = d m' = 1 + xJ1.  Let D -- (d~ : i < p2). This is a 

subgroup of  U(G), and we are going to show that it is elementary abelian with 

basis {d i : i "< p2}.  
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First, observe that 
A 

d,d i = 1 + (x, + xj)I:I + x f Ix j I : I  = 1 + (x~ + xj)I:I + x, xjHXH. 

Now since x~ and x~ commute (as conjugate elements in a group of  class 2), it 

follows that did 1 = djdj. Put u -- [a, x]. Since a is not central we must have 
u ~ 1 (otherwise C~(a) DD_ (x ,  M )  = G). Therefore H ~ # H so that H x r3 H = 
1 (recall that I H[ = p). Thus/~x/~ =/~  where B = (a x, a ) = (a, u). Note that 

B<~ G, so B contains all the conjugates of H. This implies that, for all 
O < = i , j , k  < p 2, 

A 

XiI:IxyIYIxkt:I = x, xyXk HX2I:IXI:I ~ ~ ---- X i X j XkH B = O. 

We conclude that, given indices 0 < i~, i 2 , . . . ,  i k ~ p2, we have 

+ . . .  + x~,,)I-:I + ( ~<tx, x,,).B. 4 , 4 , "  .d,k = 1 +(x,, 

In particular 

d p = l  + PXiI?I -I- ( 2 ) X2jB = 1. 

Therefore D is elementary abelian. We have to show that the dt's form a 

basis for D. Since M acts transitively on the d;'s (by conjugation), it is 

sufficient to check that H di ~ 1 (see [Sh, Lemma C1]). 
Clearly, Hi d; = 1 + (Z~x~)H + (Z~<j x~xj)/~. 
Now, since {x;:0 < i < p2)= xG'  (the conjugacy class of x), we obtain 

(Z x~)H = x G ' H .  Recall that, by the choice of a, G 'N  H = 1. Therefore 
xG'/q -- x ~ ' ~  ~ 0. As for the next term, observe that 

0 = x2G '2 = (xG') 2 = x~ = ~ x~ + 2 ~, x~xj = x2G ' + 2 • x~xj. 
i i < j  i < j  

A 

It follows that Z xixj = -  ½x2G ', so that Y~ x i x j ~ . -  ½x2~B  = 0 (since 

G ' N  B = (u)  # 1). We conclude that II~ d; = 1 + x G ' H  # 1, so that the d~'s 

are indeed a basis for D. 

Next, consider the product D M  C_ U(G). Obviously D <~DM. The last 
calculation shows that rI~ di ~ M .  Since M acts transitively on the d~'s, it 

follows from [Sh, Lemma C 1 ] that D A M = 1. Therefore D M  = D >~ M is a 

semi-direct product. Finally, CM(X) is central in D M ,  and D M / C M ( X ) =  
D × M/CM(X) = Cp wr(Cp × Cp). This shows that U(G) possesses a section 
isomorphic to Cp wr(Cp × Cp), as required. 
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Before proving Theorem A, we collect a couple of  results, which seem to be 

well known, but it is not easy to locate explicit proofs of  them in the literature. 

LEMMA 8. Let G be a finite p-group, and consider KG as a Lie algebra (with 
the usual bracket operation). Then: 

(a) cl KG = p if  and only i f  ] G' I = p. 
(b) I f  cl G = 2, then cl KG < t(G'), the nilpotency index of  A(G'). 

PROOF. (a) The ' if '  part may be found in [Ba]. Now, assuming I G'I > p, 

pick an element x in G with more than p conjugates, and let y not commute 
with x. Consider the left normed Lie commutator of  weight p : c  = 
(y~-Ox, y . . . .  , y). Routine calculation shows that 

C = X + X y + Xy~ + . . .  + X y ' - ' .  

Since these are not all the conjugates of  x, c is not central. This means that 

cl KG > p. 
(b) Put t = t(G'). For x 0 , . . . , x t  in G, let c be the Lie commutator 

(Xo, X~, . . . .  xt). Since the group commutators [g, hi are central, an easy 

induction yields 

c -- (1 - [xl, x0])(1 - [x2, x0xd). • -(1 - [xt, XoXl . . . x t -d)XoXl . . . x t .  

We conclude that c ~A(G')tKG = 0, as required. 

PROOF OF THEOREM A. Consider first the case p = 2. According to a result 

o f  H. Laue [La], proved in a more general context, there is a simple connection 

between the second centres of  U(G) and the augmentation ideal A(G), viewed 

as a Lie algebra, namely Z2(U(G))= 1 +Z2(A(G)). This implies that 

cl U(G) -- 2 if  and only if  el KG -- 2, where KG is also viewed as a Lie algebra. 

Lemma 8(a) completes the proof in this case. 

Now let G be a p-group (p  > 2 )  with IG'l > P .  We want to show that 

cl U(G) > 2p - 1. We may assume that G is NC-critical. If  cl G = 2 we are 

done, by Theorem B, as cl Cp wr(Cp × Cp) -- 2p - 1. So suppose that cl G = 3. 

Let M b e  the maximal abelian subgroup of  G (see Propositions 4 and 5) and 

let x E G - M .  Let u be a non-central element in G'. Then [x, u] 4 1 (other- 

wise Co(u) -- (x, M )  = G, a contradiction). Set v = Ix, u]. Then v is central, 

and G' = (u, v). Put H = (u) ,  and consider the element d = 1 + x / t  in U(G). 

For 0 _-< i < p define di = d x' = 1 + x/~i, where Hi = H x'. Observe that 

f x2G ', j ~ i + 1 (mod p), 
X2/-IX/-I/ X 2/-fi i/-Ij + ) 

[ 0, otherwise. 
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Therefore  d~dj -- 1 + x ( / ~  + / t j )  + (1 - J~+lj)x2G '. 
Since H~G'--  0 it follows that  

d , , . . . d ~ = l + x ( I 2 I ~ , +  . . . + / ~ , ) + [ ( ~ ) - n ] x 2 G  ', 

where  n = I ( ( s ,  t ) "  s < t, it -- i~ + 1 (mod  P)}I .  
In part icular  

d k - - - - l +  kx /~  + (k2) 12G', 

therefore d f  -- 1, and  di- l = d f  - l = 1 - xI2Ii + x 2 G  '. Now, 

[ d , , 4 l = d i - 1 4 - 1 d i ~  

= (1 - -  xI~li q- x 2 G ' ) ( 1  - -  xfIy "+ x 2 ( ~ ' ) [ 1  -]-" x(iCIi + ~ )  "{- (1 - 4 + ~ j ) x 2 d  '1 

= [1 - x(Di +/-I~) + (3 - J,+l,j)xe(~'][1 + x(H~ + ~ )  + (1 - 4+lj)x~d '] 

---- 1 -- (xH, + x/ t i )  2 + (4 - -  2~i+l,j)x2d ' 

= 1 + (Jj+l,i -- Ji+l,j)  x2~r'. 

Put  c = 1 + x2a  '. Observe that  c is central  in U(G), and  satisfies c p -- 1, 
c - -  I = 1 - x 2 G  '. The  last calculat ion shows that  

[di ,  dj]  = 

It follows that,  if  D = ( d o , . . . ,  dp_ i), then D '  = (c)  is o f  order  p .  Cons ider  
the  group E - -  ( x , D )  C_ U ( G ) .  Obviously D < I E  and  ( c )  c_ Z ( E ) .  L e t / ~  = 
E / ( c ) ,  19 = D / ( c ) .  Then  D is e lementary  abelian, and  x (the image o f x  in /~)  
acts on  dt by d f  ffi d~ + t. This clearly implies  

[d, x . . . .  , x ]  = dd~d  ~2. . . d  ~'-' = dodt . . .dp_~ ffi dod~ . . . d p - v  
*, J 

p--1 

It follows that  d o . . . d p - l ~ T p ( E ) ,  so that  q : = d 0 . . . d p - l C n E T p ( E )  (for 
some n). But  

= 1 
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while q ffi 1 + x(I-:Io + • . .  + l i p _  ~) + m x 2 G  ', where m = n + 1. 

Put S = G '  - (v). Since S is a normal set in G, S is clearly central in K G .  

This implies that ( K G ' S )  2 = K G .  ~2 ffi 0. Note that H0 + • "" + H p -  1 = S, so 

that q = 1 + xS + mx2G '. We have just shown that q ~ 3 , p ( U ( G ) ) .  We will now 

produce an element g in G with the property that 

[ q , g  . . . . .  g ] ~  1. 
J 

p--l 

This will show that 72p-l(U(G))~: 1, terminating the proof  of  the theorem. 

Since c is central in U ( G ) ,  it follows that 

[ q , g , . . . , g ]  = [ q c - m , g  . . . .  ,g] .  

p--1 p--1  

Therefore we may replace q by r :=  q c - m  = 1 -F x S .  

Recall that ( u ,  v)  ffi G '  = [x ,  M] = {[x, g] : g in M}. In particular, there 

exists an clement g in Mwi th  [x, g] = u. Since [u, g] = 1 (as u, g are in M)  we 

get x ~ - -xu  i for all 0 < i < p. Consider the elements r~ :=  r g'-- 1 + x u ~ S .  

Since the ideal K G .  S is nilpotent o f  index 2, the r~'s commute with each other. 

They clearly have order p. Therefore 

[ r , g ,  . . . , g ]  = rr  g .  • . r  ~'-' = rorl .  . .rp_1 = 1 + ( x  + x u  + • • • q- x u  p-1) •  

k - 1  

= 1 +x~a>(G'-(~))= I -x(a>(~) = t - x d ' .  

This shows that 

[ r~g  . . . . .  g] # 1, 

p - - I  

completing the proof of Theorem A. 

PROOF OF COROLLARY C. Let Gbe  ap-group of  class 2, with G '  ffi Cp × Cp. 

By Theorem A we have cl U ( G )  >~ 2p - 1. For the other inequality we apply 

[GL], to conclude that cl U ( G )  < cl KG. But, by Lemma 8(b), cl K G  <= t ( G ' )  ffi 

t (Cp  X Cp) ffi 2p - 1 (see for example [MN] for the last equality). 
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